Using the once and thrice energy-weighted moments of the random-phase-approximation strength function, we have derived compact expressions for the average energy of surface collective oscillations of clusters and spheres of metal atoms. The L =0 volume mode has also been studied.
I. INTRODUCTION
The study of surface modes of metal spheres has drawn some attention in the past'
and is the subject of a renewed interest.
Very recently, some experimental information on surface modes ' and electric polarizabili- Ekardt'" to use in this context the random-phase-approximation (RPA) sum-rule approach, which has proven to be extremely useful in describing giant resonances in atomic nuclei. ' ' It is worth emphasizing that RPA is the small-amplitude limit of TDLDA and, consequently, both methods are completely equivalent for studying the energy spectrum of these systems.
The purpose of the present work is to extend that of Ref. 14 to all multipole surface modes, and also to present some results for the L =0 volume mode. We will rely heavily on similar work recently done on isoscalar nuclear giant resonances. ' The basic hypotheses of our model are the following.
(i) The mean field created by the positive ions is obtained in the spherical-jellium approximation.
(ii) The valence electrons are described in a localdensity approximation (LDA), either by a Kohn-Sham (KS) or by a Thomas-Fermi (TF) method. Of course, the RPA sum rules will be deduced in the KS framework.
(iii) The external field acts only on the valence electrons.
These hypotheses are currently used in microscopic calculations of metal spheres and metal clusters. "
Thus, the method we use in this work applies to both sys- tems. This paper is organized as follows. We shall describe the RPA sum rules in Sec. II. The KS and TF models we have used will be briefly discussed in Sec. III. The numerical results for the surface modes and the L =0 volume mode will be presented in Sec. IV. Finally, we shall make some concluding remarks in Sec. V.
II. RPA SUM RULES
A. General description RPA sum rules are described in great detail in Refs. 15 and 16. We refer the interested reader to these references where, besides a clear exposure of the fundamental results, one may find references to earlier work in this field.
Sum rules mk are moments of the strength function s(E) = )~6(F-E")l(n l g lp) l '-, where the sum (integral in the case of continuum spectrum) extends over all the excited states of the system. Q is the external field acting on the system; E", ln ), and l P ) are the excitation energies, the excited states and the ground state (g.s.) of the system, respectively. The moment of order k is defined as m, = f E"s(E)«=g '.~""l(.Igloo&l'. 
which is peaked at the surface. The general expression for p2 is
which in the present case becomes 2 VQ Vpi.
Equations (13) 
The function A. reads
where u (r)/r is the radial single-electron wave function.
A, (r) represents a centrifugal kinetic-energy density, and in the A' -order TF approximation one has A, =2~/3.
Let us work out in some detail the Coulomb contributions. ' From Eqs. (7), (8) 
Again, the calculation of m3 only involves g.s. quantities, like the kinetic energy T or the electron density p. This is one of the merits of this approach. Table I the total ene'rgies and rms radii (in atomic units) of some magic Na clusters. Figure 1 shows the densities corresponding to the %=20 Na cluster, the KS single-particle potential V(r), and the electron single-particle levels, the upper two being empty. The thick solid line is the KS density, whereas the thin solid line is the variational TF density.
Also shown is the jellium constant density. N=8, 58, 198 , and 300 Na clusters. The central densities tend to po=3.73X10 a.u. , which is the bulk value 3/4m. r, . Figure 3 shows the magic %=90 Ag cluster using the same convention as in Fig. 1 4.334 X 10"
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